ABSTRACT. On domains with conical points, weighted Sobolev spaces with powers of the distance to the conical points as weights form a classical framework for describing the regularity of solutions of elliptic boundary value problems, cf. papers by Kondrat'ev and Maz'ya-Plamenevskii. Two classes of weighted norms are usually considered: Homogeneous norms, where the weight exponent varies with the order of derivatives, and nonhomogeneous norms, where the same weight is used for all orders of derivatives. For the analysis of the spaces with homogeneous norms, Mellin transformation is a classical tool. In this paper, we show how Mellin transformation can also be used to give an optimal characterization of the structure of weighted Sobolev spaces with nonhomogeneous norms on finite cones in the case of both non-critical and critical indices. This characterization can serve as a basis for the proof of regularity and Fredholm theorems in such weighted Sobolev spaces on domains with conical points, even in the case of critical indices.
When analyzing elliptic regularity in the neighborhood of a conical point on the boundary of an otherwise smooth domain, one is faced with a dilemma:
Near the singular point, the conical geometry suggests the use of estimates in weighted Sobolev spaces with homogeneous norms, and a well-known tool for analyzing them and for obtaining the estimates is the Mellin transformation. This analysis is carried out in the classical paper [3] by Kondrat'ev.
On the other hand, since this analysis corresponds to a blow-up of the corner, that is a diffeomorphism between the tangent cone and an infinite cylinder, the conical point moves to infinity, and therefore functions in this class of spaces always have trivial Taylor expansions at the corner. Depending on the weight index, they either have no controlled behavior at the corner at all or they tend to zero. If one wants to study inhomogeneous boundary value problems, then smooth right hand sides and the corresponding solutions will require spaces that allow the description of non-trivial Taylor expansions at corner points.
Appropriate spaces have been analyzed using tools from real analysis by Maz'ya and Plamenevskii [6] . Such spaces can be defined by nonhomogeneous weighted norms, where the weight exponent is the same for all derivatives. The simplest examples are ordinary, non-weighted Sobolev norms. As presented in detail in the book [4] by Kozlov, Maz'ya and Rossmann, the analysis of these spaces with nonhomogeneous norms shows several peculiarities:
1. For a given space dimension n and Sobolev order m, there is a finite set of exceptional, "critical" weight exponents β, characterized in our notation by the condition −β − n 2 = η ∈ N ; 0 η m − 1 , such that for the non-critical case, the space with nonhomogeneous norm splits into the direct sum of a space with homogeneous norm and a space of polynomials, corresponding to the Taylor expansion at the corner. In the critical case, the splitting involves an infinitedimensional space of generalized polynomials. The study of the critical cases is of practical importance, because for example in two-dimensional domains, the ordinary Sobolev spaces with integer order are all in the critical case η = m − 1.
2. The relation of the spaces with nonhomogeneous norms with respect to Taylor expansions at the corner is somewhat complicated, depending on the weight and the order: For η < 0, the space with nonhomogeneous norm coincides with the corresponding space with homogeneous norm and contains all polynomials, but has no controlled Taylor expansion. For 0 η < m, the nonhomogeneous norm still allows all polynomials and controls the Taylor expansion of order [η] at the corner. If η m, then the space with nonhomogeneous norm again coincides with the corresponding space with homogeneous norm and has vanishing Taylor expansion of order m − 1. Thus there are two (non-disjoint) classes of spaces involved, and the weighted Sobolev spaces with nonhomogeneous norms fall into one or the other of these classes, namely the class of spaces with homogeneous norms on one hand and a class of spaces with weighted norms and nontrivial Taylor expansion on the other hand.
3. Whereas the definition of the non-homogeneous norms is simple, it turns out that for the analysis of the spaces one also needs descriptions by more complicated equivalent norms, where the weight exponent does depend, in a specific way, on the order of the derivatives. Such "step-weighted" Sobolev spaces have been studied by Nazarov [7, 8] .
In [4] , the analysis of the weighted Sobolev spaces with nonhomogeneous norms is presented using real-variable tools, in particular techniques based on Hardy's inequality.
In this paper, we present an analysis of the spaces with nonhomogeneous norms based on Mellin transformation. We show how the three points described above can be achieved in an optimal way. In particular, 1. we characterize the spaces with nonhomogeneous norms via Mellin transformation in the non-critical and in the critical case;
2. we give a natural definition via Mellin transforms of the second class of spaces mentioned in point 2 above, namely the spaces with weighted norms and nontrivial Taylor expansions;
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3. we show how the question of equivalent norms can be solved via Mellin transformation.
The analysis in this paper is a generalization of the Mellin characterization of standard Sobolev spaces that was introduced in [2] for the analysis of elliptic regularity on domains with corners. For the case of critical weight exponents, we give a Mellin description of the generalized Taylor expansion that was introduced and analyzed with real-variable techniques in [4] . Based on our Mellin characterization, one can obtain Fredholm theorems and elliptic regularity results, in particular analytic regularity results, on domains with conical points. This is developed in the forthcoming work [1] .
NOTATION: WEIGHTED SOBOLEV SPACES ON CONES
A regular cone K ⊂ R n , n 2 is an unbounded open set of the form
where G is a smooth domain of the unit sphere S n−1 called the solid angle of K. Note that if n = 2, this implies that K has a Lipschitz boundary (excluding domains with cracks), which is not necessarily the case if n 3. Note further that our analysis below is also valid in the case of domains with cracks.
The finite cone S associated with K is simply
In the one-dimensional case, we consider K = R + and S = (0, 1), which corresponds to G = {1}.
For k ∈ N, · k;O denotes the standard Sobolev norm of H k (O).
2.1.
Weighted spaces with homogeneous norms. The spaces on which relies a large part of our analysis are the "classical" weighted spaces of Kondrat'ev. The "originality" of our definition is a new convention for their notation.
Definition 2.1. ⋆ Let β be a real number and let m 0 be an integer. ⋆ β is called the weight exponent and m the Sobolev exponent. ⋆ The weighted space with homogeneous norm
and endowed with semi-norm and norm respectively defined as
The weighted spaces introduced by Kondrat'ev in [3] are denoted by
The correspondence with our notation is
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These spaces are also of constant use in related works by Kozlov, Maz'ya, Nazarov, Plamenevskii, Rossmann, see the monographs [9, 4, 5] for example. They are denoted by V m β (K) with the following correspondence with our spaces
We choose the convention in (2.3) because it simplifies some statements: An obvious, but fundamental property of the scale K β is its monotonicity with respect to m
This allows a simple definition of C ∞ and analytic functions with weight, see Definition 4.1. Also, in mapping properties of differential operators with constant coefficients, as well as in elliptic regularity theorems ("shift theorem"), the shift in the weight exponent β is independent of the regularity parameter m, in contrast to what happens with the Kondrat'ev or the V m β spaces. The space K m β (S) with its semi-norm | · | K m β (S) and norm · K m β (S) is defined similarly by replacing K by S.
2.2.
Weighted spaces with nonhomogeneous norms.
Definition 2.2.
⋆ Let β be a real number and m 0 be an integer. ⋆ The weighted space with non-homogeneous norm Then the function r β+m ∂ α x u is square integrable for |α| = 0 and for |α| 2, but not for α = (1, 0, . . . , 0) . See §3.4 for further details.
We shall need more precise comparisons between the K and J spaces than the embeddings (2.7). As we will show later on, the space K 
The sufficiency follows by using this for all derivatives of u ∈ C ∞ (S). We find the necessity of the conditions on η by considering the constant function u = 1 in both cases. 
In addition we know from the Sobolev embedding theorem that if k is a non-negative integer such that k < m − n 2 , we have the embeddings
In particular, for elements of H m (S) all derivatives of length |α| k have a trace at the vertex 0. On the other hand, by density of smooth functions which are zero at the vertex, the elements of K m β (S), as soon as they have traces, have zero traces at the vertex. One can expect that the spaces J have vertex traces similar to the standard Sobolev spaces. The investigation of this question will be the key to the comparison between the J spaces and the K spaces.
Using the same simple argument as in the proof of Lemma 2.4, we find the conditions for the inclusion of polynomials in the weighted Sobolev spaces.
We denote by P M (S) the space of polynomial functions of degree M on S and by P M (S) the space of homogeneous polynomials of degree M.
This complete similarity between the K spaces and the J spaces is no longer present if we refine the probe by considering the space of homogeneous polynomials. Still using the same simple argument based on finiteness of norms, we now get Lemma 2.6. Let β ∈ R and m, k ∈ N.
As we will show in the following, the question of inclusion of polynomials completely characterizes the structure of the spaces J m β (S) and their corner behavior.
CHARACTERIZATIONS BY MELLIN TRANSFORMATION TECHNIQUES
The homogeneous weighted Sobolev norms can be expressed by Mellin transformation, which is the Fourier transformation associated with the group of dilations. We first recall this characterization from Kondrat'ev's classical work [3] . Then we generalize it to include non-homogeneous weighted Sobolev norms, based on the observation that the non-homogeneous norms are defined by sums of homogeneous semi-norms.
3.1.
Mellin characterization of spaces with homogeneous norms. In this section, we recall the basic results from [3] .
For a function u in
is defined for any complex number λ by the integral
The function λ → M [u](λ) is then holomorphic on the entire complex plane C. Note that M [u](λ) coincides with the Fourier-Laplace transform at iλ of the function t → u(e t ). Now any function u defined on our cone K can be naturally written in polar coordinates as
. If u has a compact support which does not contain the vertex 0, the Mellin transform of
If we define the function u on the cylinder R × G by u(t, ϑ) = u(e t ϑ), we see that the Mellin transform of u at λ is the partial Fourier-Laplace transform of u at −iλ.
Hence the Mellin transform of a function u ∈ C
, with values in L 2 (G). More generally, the Mellin transformation extends to functions u given in a weighted space K 0 β (K) with a fixed real number β: ⋆ For λ ∈ C, the parameter-dependent H m norm on G is defined by
Later on, we will use the following observation: 
The inverse Mellin transform can be written as:
From this Theorem, we see immediately that if u belongs to the intersection of two weighted spaces K and
of u is holomorphic in the open strip η ′ < Re λ < η with values in H m (G) and satisfies the following boundedness condition:
.
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has limits as b → η and b → η ′ , and the inverse Mellin transforms
coincide with each other and define an element of
In the following theorem, we recall the close relation between asymptotic expansions and meromorphic Mellin transforms. and
Let λ 0 be a complex number such that η ′ < Re λ 0 < η. Let q be a non-negative integer and ϕ 0 , . . ., ϕ q be fixed elements of L 2 (G).
Then the Mellin transform U of u ′ , defined for Re λ = η ′ , has a meromorphic extension to the strip η ′ < Re λ < η such that the function V defined as
is holomorphic in η ′ < Re λ < η with values in L 2 (G) and satisfies the boundedness condition
b) Conversely, let U be a meromorphic function with values in L 2 (G), such that V defined by (3.10) is holomorphic in the strip η ′ < Re λ < η and satisfies the boundedness condition (3.11). Then, like in the holomorphic case, the mapping (3.7) has limits at η and η ′ , and the inverse Mellin formulas (3.
They satisfy the relation (3.9), which can be also written in the form of a residue formula:
for a contour C surrounding λ 0 and contained in the strip η ′ < Re λ < η.
3.2. Mellin characterization of semi-norms. The principle of our Mellin analysis is to apply to a function u and some of its derivatives ∂ α x u the Mellin characterization of Kweighted spaces from Theorems 3.2, 3.3, and 3.4.
Definition 3.5.
⋆ For any α ∈ N n , we denote by D α the differential operator in polar coordinates satisfying
Lemma 3.6. Let β < β 0 be two real numbers. We set η = −β − n 2
Then the Mellin transform of u is holomorphic for Re λ < η 0 and has a meromorphic extension U to the half-plane Re λ < η. Its poles are contained in the set of integers
and U satisfies the estimates, with two constants c, C > 0 independent of u
is defined for all λ on the line Re λ = η 0 . We set
are defined for all λ on the line Re λ = η, and we have the estimates
Since u, and thus v m and w α , have compact support, their Mellin transforms extend holomorphically to the half-planes Re λ < η 0 for u, and Re λ < η for v m and w α . Moreover,
due to the condition of support, estimate (3.16b) holds with the same constant C if we replace the integral over the line Re λ = η with the integral over any line Re λ = b, η 0 < b < η:
Using the identity
, we find for all λ, Re λ η 0 , the following relation between Mellin transforms:
Hence we define a meromorphic extension U of M [u] by setting
for Re λ η.
Putting (3.16a), (3.17), (3.20) together and using the semi-norm |·| m; G; D(λ) we have proved the equivalence (3.15).
In Theorem 3.12 below we will see that under the conditions of the Lemma, the poles of the Mellin transform of u are associated with polynomials, corresponding to the Taylor expansion of u at the origin.
If λ is not an integer in the interval [0, m − 1], the semi-norm |V | m; G; D(λ) defines a norm on H m (G) equivalent to the parameter dependent norm V m; G; λ introduced in Definition 3.1. In order to describe this equivalence in a neighborhood of integers, we need to introduce a projection operator on polynomial traces on G:
⋆ By P k (G) we denote the space of restrictions to G of homogeneous polynomial functions of degree k on K.
), i.e.:
Lemma 3.8. Let m ∈ N and η 0 , η real numbers such that η 0 < 0 m < η. Let δ ∈ (0, b) For λ satisfying |λ − k| δ for a k ∈ {0, . . . , m − 1}:
Proof. Let A be an annulus of the form {x ∈ K, Here the equivalence constants can be chosen uniformly for λ in the whole strip η 0 Re λ η.
• The well-known Bramble-Hilbert lemma implies that the semi-norm | · | m; A is equivalent to the norm · m; A on S 
and C λ can be chosen uniformly on the set Re λ ∈ [η 0 , η] with |λ − k| δ for all k ∈ {0, . . . , m − 1}; whence estimates (3.23) in case a) of the lemma.
• Let λ be such that |λ − k| δ for a k ∈ {0, . . . , m − 1}. The left inequality in (3.24) is easy to prove with the help of the estimate
Concerning the right-hand-side estimate of (3.24), the Bramble-Hilbert lemma argument implies the equivalence of the semi-norm with the norm for functions V such that
On the other hand, the operator r m ∂ m r is a linear combination of the operators r m ∂ α x , |α| = m, with coefficients bounded on G. Therefore
From the continuity of P k in L 2 (G), we deduce
The equivalence of norms in L 2 (G) and H m (G) on the finite dimensional range of P k yields finally
It remains to bound V − P k V m; G . Using (1), (2) and (3) we find
which completes the proof of the lemma.
Putting the norm equivalences (3.23) and (3.24) together, one is led to the following definition of norms of meromorphic H m (G)-valued functions. 
, and using the norm (3.4), we introduce
with the sets
. . , j and
Using the continuity of P k G on H m (G), we obtain the estimate
where the constant C b,m,k does not depend on U. On the other hand, the definition immediately implies the estimate
A consequence of the latter two inequalities is that for any fixed real number ρ ∈ (0,
],
we would obtain an equivalent norm to (3.25b) by defining Note that in this definition, the set of poles N is contained in the interval [η 0 , η] determined by the weight exponents, but N has no relation with the regularity order m. Thus the residues at the poles which, according to Theorem 3.4, give an asymptotic expansion at the origin, can only be identified with the terms of a Taylor expansion in a generalized sense, in general, because the corresponding derivatives need not exist outside of the origin. With m = 0, for example, one gets weighted L 2 spaces with detached asymptotics. For the maximal J-weighted Sobolev spaces J m max, β , the definition immediately yields the following properties.
max, β+|α| (S) for any α ∈ N n , any m |α|, and any β. 
Theorem 3.2 then provides the existence of a function
and according to Theorem 3.4, there holds 
which is a polynomial in x of degree k.
We can now complete the characterization of the K m β semi-norm that was begun in Lemma 3.6. 
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Proof. a. .
On the other hand, the norm u K 0 Since all norms are equivalent on the range of P k G , we find the estimate
). We have 
(K) and by Theorem 3.3: 
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Hence we obtain that u belongs to K m β 0 (K). Therefore, for all α, |α| = m, the function
Let W α be its Mellin transform. By construction, and thanks to Lemma 3.8, we find Definition 3.14. Let L be a subset of N that includes 0: For each ℓ ∈ L let β ℓ be a weight exponent such that β ℓ decreases as ℓ increases , and denote B = {β ℓ : ℓ ∈ L}. We define the associated norm
The Hilbert space defined by this norm is denoted by J L B (S). This definition includes the weighted Sobolev spaces with homogeneous norms and those with non-homogeneous norms as obvious special cases:
• We obtain the norm in K m β by choosing β ℓ = β for all ℓ and L any arbitrary subset contained in {0, . . . , m} and containing 0 and m.
• According to Definition 2.2, we obtain the norm in J m β by choosing L = {0, . . . , m} , β ℓ = β + m − ℓ .
• Finally, the space defined by the norm K 0 β 0 and the seminorm K m β simply corresponds to L = {0, m} and B = {β 0 , β}. We can use Theorem 3.13 to obtain a first Mellin characterization of the space J L B (S). We set, as usual,
. Then we have
This can be simplified with the following result. 
This set N is given by
Proof. Assume that N is such that the norm equivalence (3.32) holds. Then any pole k ∈ N that lies in an interval (η 0 , η ℓ ] must appear as a pole in the corresponding set N ℓ and vice versa. This means
In other words, for k ∈ N m there holds k ∈ N if and only if there exists ℓ ∈ L such that
This implies the formula (3.33) for N. Conversely, it is not hard to see that if we define the set N by (3.33), then the norm equivalence (3.32) holds.
Combining ( For fixed m and β, let N be a given subset of N m . We can construct indices L and weight exponents B such that the formula (3.33), and therefore the equality of spaces (3.35) in Proposition 3.16 holds. This can be done by setting
and for all ℓ ∈ L, ℓ = 0, m, (3.37)
with η ℓ = ℓ,
In this context, the counter-example (2.8), for instance, corresponds to the choice of m 2, L = {0} ∪ {2, . . . , m}, and η ℓ = η − m + ℓ with m < η < m + 1, so that η ℓ ∈ (ℓ, ℓ + 1). From these informations one obtains N = {1}.
From the equality (3.35), we conclude that the space J and should be of the K class, which does not contain non-constant functions.
As a further corollary of the Mellin description of the space J m β , we give an equivalent definition by derivatives in polar coordinates that is valid when η < 1 and will be useful later on:
and m ∈ N, m 1. We assume that η < 1. Then It is easy to see that we have the uniform estimate
We deduce that u ∈ J m β (S). Conversely, let u ∈ J m β (S). We apply Lemma 3.8. Outside a neighborhood of 0, we have the uniform estimate:
and in a bounded neighborhood of 0
We deduce from (2)-(4) that
The boundedness of norm (3.40) follows from (1) and Lemma 3.6.
We can now collect the informations about the Mellin description of the space J m β . For this, we introduce some notation concerning the Taylor expansion at the origin:
For u ∈ C ∞ (S) and M ∈ N, we write T M u ∈ P M (S) for the Taylor part of u of degree M at 0:
By continuity, the coefficients of the Taylor expansion and therefore the corner Taylor operator T M can be defined on the space N m β,β 0 ;N (S), as soon as {0, . . . , M} ⊂ N ⊂ (η 0 , η), see Theorem 3.12.
The proofs of the following two theorems are contained in the results of the preceding section. 
Furthermore U is meromorphic in the half-plane Re λ < η with only possible poles on natural numbers and the residues of r λ U(λ) are polynomials.
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(K) and there holds, with notation (3.41)
When M < 0 or m η, the sum of residues collapses to 0, and u belongs to K m β (K). We will call the case η ∈ N critical. In the non-critical case, we can take b = η in the previous result, and we obtain therefore the following relations between the space J Note that in (4.2) the estimates are the same as in (4.1) but only for k > η. This suggests that for η < 0, we have B β (S) = A β (S), which will be proved below.
For generalization of the Taylor expansion in the critical case, we develop the Mellindomain analogue of an idea from [4] , based on the splitting of u M provided by the decomposition U(λ) = (I − P M )U(λ) + P M U(λ).
The first part is the Mellin transform of a function in K m β (K) and the second one has essentially a one dimensional structure -that is, the most important features of its structure are described by the behavior of functions of one variable -and it can be regularized in such a way that it splits again into two parts, one in the analytic class B β (K), and the remaining part in K 
M [v](λ).
Owing to the strong decay properties of the kernel e λ 2 in the imaginary direction, the operator K has analytic regularizing properties in the scales K 
